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● Debugging is twice as hard as writing the code in the 

first place.
● Therefore, if you write the code as cleverly as possible, 

you are, by definition, not smart enough to debug it.

Engineer complex systems
 from simple and modular pieces!



PL Problems

1. Phase Ordering

2. Syntactic Brittleness

3. …
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(a * 2) / 2 ⇒ (a << 1) / 2   ❌  order

Pitfalls
      x * 2 = x << 1
      x * y = y * x
          x = x * 1

(a * 2) / 2 ⇒ (2 * a) / 2 ⇒ (a * 2) / 2  ❌  

diverge

a ⇒ a * 1 ⇒ a * 1 * 1 ⇒ … ❌  infinite size

Critical for other inputs!



(a * 2) / 2 ⇒ a

Which rewrite?  When?

Useful Less Useful
(x * y) / z = x * (y / z)

      x / x = 1

      x * 1 = x

      x * 2 = x << 1

      x * y = y * x

          x = x * 1



PL Problems

1. Phase Ordering 😭

2. Syntactic Brittleness

3. …
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def foo(x):

y = abs(x)

return sqrt(y)

x ∈ [-∞,∞]

y ∈ [0,∞]

✅
BUT: abstraction can hide crucial facts!
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def foo(x):

y = x - x

return sqrt(y)

x ∈ [-∞,∞]

y ∈ [-∞,∞]

🤔

OK, just preprocess?   x - x ⇒ 0
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def foo(x):

y = x * x

return sqrt(y)

x ∈ [-∞,∞]

y ∈ [-∞,∞]

🤔

UGH! Chasing our own tails!
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PL Problems

1. Phase Ordering 😭

2. Syntactic Brittleness 😭

3. …

Keep simple + modular!

But make robust?

DB techniques will 
come to our rescue!
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(a * 2) / 2 ⇒ a

Which rewrite?  When?

Useful Less Useful
(x * y) / z = x * (y / z)

      x / x = 1

      x * 1 = x

      x * 2 = x << 1

      x * y = y * x

          x = x * 1

Equality Saturation

Try applying all the rules in every order?!

��



E-graphs

● Data structure from Greg Nelson’s PhD thesis (1980)

● Used for congruence closure (Downey, Sethi, Tarjan 1980)

○ Intuition: union-find (Tarjan 1975) but function-aware

● Key for equality and uninterpreted funcs (EUF) theory in SMT

○ Intuition: the “glue” that connects other theories to SAT

● Historically: “baked in” to SMT solvers, no general libraries 😐
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E-graphs

/

*

2a

e-classes contain e-nodes (ops)

e-nodes’ arguments are e-classes!

e-graphs maximize sharing 
(no copies of same e-node)



E-graphs

/

*

2a

This e-classes represents

(a * 2) / 2
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E-graphs: applying rewrite rules

/

* <<

2 1a

/

*

2a

x * 2 → x << 1

This e-class represents
(a*2)/2 and (a<<1)/2

E-graphs never forget.
Rewrites don’t lose info!

This e-class represents
a*2 and a<<1
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/

a

/

* <<

2 1a

/
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2a

x * 2 → x << 1 (x*y)/z → x*(y/z)

E-graphs: applying rewrite rules
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2a

x * 2 → x << 1 (x*y)/z → x*(y/z) x / x → 1

x * 1 → x

E-graphs: applying rewrite rules
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2 1

/

a

/ *

* <<

2 1

/

a

x / x → 1

x * 1 → x

E-graphs: compact representation
Rewrites can shrink e-graphs!

● 6 → 5 eclasses

E-graphs can represent ∞ terms

● a, a * 1, a * 1 * 1, …

E-graphs can “saturate”

● learn all derivable eqs ✅



Equality Saturation

● Technique first used in Denali (Joshi, Nelson, Randall 2002)

○ Optimizes straight-line assembly kernels for the DEC Alpha

● Extended to loops in Peggy [POPL 2009]

○ Coined term “Equality Saturation” 

○ Coinductive stream operators for algebraic loop rewrites

○ Used Rete algo from expert systems
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Equality Saturation

initial term e-graph optimized term

rewrite

extra
ct

till saturation
or timeout

greedy (size), ILP (CSE), GA, …
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initial term e-graph optimized term

rewrite



Equality Saturation

initial term e-graph optimized term

find pattern
(“e-match”)



Equality Saturation

initial term e-graph optimized term

find pattern
(“e-match”)

apply match



Equality Saturation

initial term e-graph optimized term

find pattern
(“e-match”)

apply match

restore
invariants



Equality Saturation

initial term e-graph optimized term

find pattern
(“e-match”)

apply match

restore
invariants

congruence
a = b  ⇒  f(a) = f(b)



Equality Saturation

initial term e-graph optimized term

find pattern
(“e-match”)

apply match

restore
invariants

congruence
a = b  ⇒  f(a) = f(b)



Equality Saturation

initial term e-graph optimized term

find pattern
(“e-match”)

apply match

restore
invariants

congruence
a = b  ⇒  f(a) = f(b)

🔥🔥
🔥

hot loop
🔥🔥
🔥

Goal: make it fast!



Equality Saturation

initial term e-graph optimized term

find pattern
(“e-match”)

apply match

🔥🔥
🔥

hot loop
🔥🔥
🔥

restore
invariants

congruence
a = b  ⇒  f(a) = f(b)

egg: Fast and Flexible EqSat  [POPL 2021]

Adapted from Downey, Sethi, Tarjan 1980
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More amortization via batching in egg

initial terms e-graph optimized term

find all
 patterns

apply all matches

restore all
 invariants

Chunk entire 
set of inputs 
into a single 

e-graph!

Extract 
optimized 
term from 
each root

Shared optimization

+ “e-graph seeding”



egg’s Equality Saturation

initial term e-graph optimized term

find all
 patterns

apply all matches

restore all
 invariants



egglog : EqSat + Datalog
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initial term e-graph optimized term

find all
 patterns

apply all matches

restore all
 invariants

Now that this is fast… we bottleneck on matching  😓

egg’s Equality Saturation
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● E-matching : find substs from pattern variables to e-classes

● Substs guaranteed to be represented by the matched e-graph

● NP-complete wrt to pattern size (Kozen 1977) 😱

f(α, g(α)) will match 

f(1, g(1))
f(2, g(2))

…
f(N, g(N))

, witnessed by              .

{α ↦ 1}
{α ↦ 2}

…
{α ↦ N}

f(1, α)   will match 
f(1, g(1))
f(1, g(2))

…
f(1, g(N))

, witnessed by  {α ↦ cg}.

But patterns are often small…

💡 # of matches is better metric!
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for e-class c in e-graph E:
  for f-node n1 in c:
    subst = {root ↦ c, α ↦ n1.child1}
    for g-node n2 in n1.child2:
        if subst[α] = n2.child1:
            yield subst

Traditional e-matching via backtracking

O(N^2), yet at most O(N) matches 
😫
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● Many optimizations in literature
○ custom VMs for “CSE”
○ specific patterns
○ mod-time analysis

● No data complexity bounds!
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Traditional e-matching via backtracking



E-matching in e-graphs

Finding substitutions such 
that substituted terms are 
represented in an e-graph.

Conjunctive queries in DBs

Finding substitutions such 
that substituted atoms are 
present in a relational DB.
��

💡 Key insight:  e-matching is a DB problem!

[POPL 2022]



Relational e-matching



f(α, g(α))
g(f(α, α))

…

Relational e-matching
● Given e-graph + patterns

https://app.diagrams.net/?page-id=Sdr3cvBIpXlINCJNsRdY&scale=auto#G1fZtByQkqOzEH-4C6jaiZB1n1h51VUf2Q


f(α, g(α))
g(f(α, α))

…

Relational e-matching
● Given e-graph + patterns

● Transform e-graph to tables

arg1 arg2 id

1 cg cf

2 cg cf

… … …

N cg cf

arg1 id

1 cg

2 cg

… …

N cg

Rf Rg
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f(α, g(α))
g(f(α, α))

…

Relational e-matching
● Given e-graph + patterns

● Transform e-graph to tables

● Compile patterns to queries
Q(root, α) ← 

Rf(α, x, root), Rg(α, x)
Q(root, α) ← 

Rg(x, root), Rf(α, α, x)
…

arg1 arg2 id

1 cg cf

2 cg cf

… … …

N cg cf

arg1 id

1 cg

2 cg

… …

N cg

Rf Rg
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f(α, g(α))
g(f(α, α))

…

Relational e-matching
● Given e-graph + patterns

● Transform e-graph to tables

● Compile patterns to queries

● Use DB query engine to e-match!
Q(root, α) ← 

Rf(α, x, root), Rg(α, x)
Q(root, α) ← 

Rg(x, root), Rf(α, α, x)
…

arg1 arg2 id

1 cg cf

2 cg cf

… … …

N cg cf

arg1 id

1 cg

2 cg

… …

N cg

Rf Rg
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f(α, g(α))
g(f(α, α))

…

Relational e-matching
● Given e-graph + patterns

● Transform e-graph to tables

● Compile patterns to queries

● Use DB query engine to e-match!

● Derive bounds from DB theory!

Q(root, α) ← 
Rf(α, x, root), Rg(α, x)

Q(root, α) ← 
Rg(x, root), Rf(α, α, x)

…

arg1 arg2 id

1 cg cf

2 cg cf

… … …

N cg cf

arg1 id

1 cg

2 cg

… …

N cg

Rf Rg

✅

https://app.diagrams.net/?page-id=Sdr3cvBIpXlINCJNsRdY&scale=auto#G1fZtByQkqOzEH-4C6jaiZB1n1h51VUf2Q


arg1 arg2 id

1 cg cf

2 cg cf

… … …

N cg cf

arg1 id

1 cg

2 cg

… …

N cg

Rf

Rg

Ri=1…N 
id

i

E-graphs as tables (relational DBs)
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Rf

Ri=1…N 
id

i

E-graphs as tables (relational DBs)

arg1 arg2 id

1 cg cf

2 cg cf

… … …

N cg cf

arg1 id

1 cg

2 cg

… …

N cg

Rg

each e-node becomes a row

https://app.diagrams.net/?page-id=Sdr3cvBIpXlINCJNsRdY&scale=auto#G1hwwFkpb52rq4czo4QrpQd9y3aslb0H-A
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f(α, g(α))

E-match patterns as conjunctive queries

Q(root, α) ← 

     Rf (α, x, root),

     Rg(α, x)



f(α, g(α)) ind = {}
for (α, x) in Rg: # build index
  ind.insert((α, x))
for (root, α, x) in Rf: # probe
  if (α, x) in ind:
    yield {root ↦ root, α ↦ α}

bu
ild

 in
de

x

E-match patterns as conjunctive queries

Q(root, α) ← 

     Rf (α, x, root),

     Rg(α, x)
Rg(1, cg )

Rg(2, cg )

…

Rg(3, cg )



f(α, g(α)) ind = {}
for (α, x) in Rg: # build index
  ind.insert((α, x))
for (α, x, root) in Rf: # probe
  if (α, x) in ind:
    yield {root ↦ root, α ↦ α}

Rg(1, cg )

Rg(2, cg )

…

Rg(3, cg )

Rf(1, cg , cf )

Rf(2, cg , cf )

…

Rf(3, cg , cf )

bu
ild

 in
de

x

pr
ob

e

E-match patterns as conjunctive queries

Q(root, α) ← 

     Rf (α, x, root),

     Rg(α, x)
✓

✓

✓



f(α, g(α))

Enum all terms of shape f(α, g(β)) 

Check if  α = β  only before yielding

Q(root, α) ←

 Rf (root, α, x), Rg(x, α)

Build indices on both α and x.

Only enum terms where constraints 
on both x and α are satisfied.

equality 

constraints
structural 

constraints

Why is relational e-matching faster?



Data complexity results (see paper)



New Capabilities: Multi-patterns

(rule (

(eq X (matmul a b))

(eq Y (matmul a c))

)(

   (eq F (matmul a (concat b c))

   (eq X (split1 F))

   (eq Y (split2 F))

))



New Capabilities: Multi-patterns

search for multiple patterns
anywhere in the e-graph

(rule (

(eq X (matmul a b))

(eq Y (matmul a c))

)(

   (eq F (matmul a (concat b c))

   (eq X (split1 F))

   (eq Y (split2 F))

))



New Capabilities: Multi-patterns

search for multiple patterns
anywhere in the e-graph

perform multiple merges,
each on separate e-classes!

(rule (

(eq X (matmul a b))

(eq Y (matmul a c))

)(

   (eq F (matmul a (concat b c))

   (eq X (split1 F))

   (eq Y (split2 F))

))



New Capabilities: Merge-only rules
(rule (

(eq R (+ (+ a b) c))

)(

(eq R (+ a (+ b c)))

))



New Capabilities: Merge-only rules
(rule (

(eq R (+ (+ a b) c))
)(

(eq R (+ a (+ b c)))
))

(rule (
(eq R1 (+ (+ a b) c))
(eq R2 (+ a (+ b c)))

)(
(eq R1 R2)

))

versus

Will never add a new e-class.
Can only “shrink” the e-graph!



6 orders of magnitude faster

Index building overhead

Similar performance 
on linear patterns

Speedup for specific 
linear patterns
((+ a (* -1 b))

Relational e-matching : asymptotic speedup



Graph → Tables → Graph → Tables → …

● Relational e-match prototype: repeated graph ⇔ DB conversion

● egglog : fully embrace DB

○ Now EqSat “just” Datalog + congruence!

○ Need to keep fast invariant maintenance

○ Want to leverage Datalog strengths as well



Congruence: just a functional dependence!
Remember key e-graph invariant:  a = b  ⇒  f(a) = f(b)
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Rebuilding still amortizes maintaining this invariant in DB!

For terms, congruence violation manifests as “same args, diff class”



Congruence: just a functional dependence!
Remember key e-graph invariant:  a = b  ⇒  f(a) = f(b)

Rebuilding still amortizes maintaining this invariant in DB!

For terms, congruence violation manifests as “same args, diff class”

A B X

A B Y

Foo
ECArgL ArgR



Congruence: just a functional dependence!
Remember key e-graph invariant:  a = b  ⇒  f(a) = f(b)

Rebuilding still amortizes maintaining this invariant in DB!

For terms, congruence violation manifests as “same args, diff class”

A B X

A B Y

Foo
ECArgL ArgR … …

Foo     … Foo     …

A B

X Y



Congruence: just a functional dependence!
Remember key e-graph invariant:  a = b  ⇒  f(a) = f(b)

Rebuilding still amortizes maintaining this invariant in DB!

For terms, congruence violation manifests as “same args, diff class”

A B X

A B Y

Foo
ECArgL ArgR … …

Foo     … Foo     …

A B

X Y

In tables = FD violation!



Congruence: just a functional dependence!
Remember key e-graph invariant:  a = b  ⇒  f(a) = f(b)

Rebuilding still amortizes maintaining this invariant in DB!

For terms, congruence violation manifests as “same args, diff class”

A B X

A B Y

Foo
ECArgL ArgR

union(X, Y) = X
A B X

Foo
ECArgL ArgR



Congruence: just a functional dependence!
Remember key e-graph invariant:  a = b  ⇒  f(a) = f(b)

Rebuilding still amortizes maintaining this invariant in DB!

For terms, congruence violation manifests as “same args, diff class”

A B X

A B Y

Foo
ECArgL ArgR

union(X, Y) = X
A B X

Foo
ECArgL ArgR

May cause additional 
congruence merges!



Congruence: just a functional dependence!
Remember key e-graph invariant:  a = b  ⇒  f(a) = f(b)

Rebuilding still amortizes maintaining this invariant in DB!

For terms, congruence violation manifests as “same args, diff class”

Merge in the union find and keep rebuilding to fixpoint!

A B X

A B Y

Foo
ECArgL ArgR

union(X, Y) = X
A B X

Foo
ECArgL ArgR

May cause additional 
congruence merges!



Just Datalog semi-naive eval!

      Q = R ⨝ S ⨝ T

      ΔQ  =  ΔR ⨝     S ⨝     T 
     ∪     R ⨝ Δ S ⨝     T 
     ∪     R ⨝      S ⨝ ΔT 

New Capabilities: Incremental e-matching



PL Problems

1. Phase Ordering 😭 ⇒ 🤩

2. Syntactic Brittleness 😭

3. …

Keep simple + modular!

But make robust?

DB techniques will 
come to our rescue!



PL Problems

1. Phase Ordering 😭 ⇒ 🤩

2. Syntactic Brittleness 😭

3. …

Keep simple + modular!

But make robust?

DB techniques will 
come to our rescue!



Syntactic rewriting is not enough…

● How many rules do we need for constant folding?

○ 2 + 2 → 4,  3 + 4 → 7,  4 + 6 → 10, … a lot!

● What about satisfying guards for conditional rules?

○ x / x → 1  only ok if  x ≠ 0

● In general, many optimizations depend on analyses!

○ nullability, tensor shape, intervals, free variables, …



● Option<Number> “fact” per e-class

● Try to eval new e-nodes

● Option “or” on merge

Constant folding

/

*

2a
2



merge(a, 2)

138

● Option<Number> “fact” per e-class

● Try to eval new e-nodes

● Option “or” on merge

● Only propagates up!

Constant folding

/

*

2a
2

2

4

2



merge(a, 2)

139

● Option<Number> “fact” per e-class

● Try to eval new e-nodes

● Option “or” on merge

● Only propagates up!

Constant folding

/

*

2a
2

2

4

2

Original egg e-class analyses too limited:
● Facts could only propagate from children to parents

○ Injectivity difficult for f where f(x) = f(y) → x = y

● Analyses / rules implemented + executed separately

○ Only “one kind” of fact per domain (products clunky)

○ Custom Rust code to realize conditional rewrites

○ Difficult to give unified theory of EqSat! Termination?



● Tightest summary
over all equivalent 
represented terms!

140

Program analysis modulo equivalence

Sam Coward et al. (2022)



● Tightest summary
over all equivalent 
represented terms!

● Virtuous cycle:
facts enable rewrites, 
rewrites improve facts!

141

Sam Coward et al. (2022)

Program analysis modulo equivalence



egglog: Analyses via FDs and “merge functions”

● Key Idea : table for function F has args → e-class  FD
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● For “terms” enforcing FD should restore congruence ✅
● But what about analysis facts? Can’t just union…



egglog: Analyses via FDs and “merge functions”

● Key Idea : table for function F has args → e-class  FD

● For “terms” enforcing FD should restore congruence ✅
● But what about analysis facts? Can’t just union…

○ Facts are also just functions!

○ Allow user-specified FD repair!



egglog: FDs and “merge functions”
(datatype Math
  (Num Rational)
  (Var String)
  (Const String)
  (Add Math Math)
  (Sub Math Math)
  (Mul Math Math)
  (Div Math Math)
  (Neg Math)
  (Sqrt Math)
  …)
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(function hi (Math) Rational :merge min)
(function lo (Math) Rational :merge max)
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egglog: FDs and “merge functions”
(datatype Math
  (Num Rational)
  (Var String)
  (Const String)
  (Add Math Math)
  (Sub Math Math)
  (Mul Math Math)
  (Div Math Math)
  (Neg Math)
  (Sqrt Math)
  …)

(function hi (Math) Rational :merge min)
(function lo (Math) Rational :merge max)
(relation non-zero (Math))

(rewrite (Add (Num a) (Num b))
         (Num (+ a b)))
(rewrite (Sub (Num a) (Num b))
         (Num (- a b)))
(rewrite (Mul (Num a) (Num b))
         (Num (* a b)))
(rewrite (Div (Num a) denom)
         (Num (/ a b))
  :when ((= denom (Num b))
         (non-zero denom)))
…



egglog: FDs and “merge functions”
(datatype Math
  (Num Rational)
  (Var String)
  (Const String)
  (Add Math Math)
  (Sub Math Math)
  (Mul Math Math)
  (Div Math Math)
  (Neg Math)
  (Sqrt Math)
  …)

(function hi (Math) Rational :merge min)
(function lo (Math) Rational :merge max)
(relation non-zero (Math))

(rule ((= e (Add a b))
       (= la (lo a))
       (= lb (lo b)))
      ((set (lo e) (+ la lb))))

(rule ((= e (Add a b))
       (= ha (hi a))
       (= hb (hi b)))
      ((set (hi e) (+ ha hb))))



egglog: FDs and “merge functions”
(datatype Math
  (Num Rational)
  (Var String)
  (Const String)
  (Add Math Math)
  (Sub Math Math)
  (Mul Math Math)
  (Div Math Math)
  (Neg Math)
  (Sqrt Math)
  …)

(function hi (Math) Rational :merge min)
(function lo (Math) Rational :merge max)
(relation non-zero (Math))

(rule ((= l (lo e))
       (> l r-zero))
      ((non-zero e)))

(rule ((= h (hi e))
       (< h r-zero))
      ((non-zero e)))

(rule ((= e (Num ve)))
      ((set (lo e) ve)
       (set (hi e) ve)))



egglog Pointer Analysis



Huge egglog Wins

● No graph ⇔ DB conversions

● Analyses now “just” rewrites

● Semi-naive evaluation → 
incremental e-matching!

● Provides easy text format

● Key: flexible framework!!

● Support unified EqSat/DB theory



PL Problems

1. Phase Ordering 😭 ⇒ 🤩

2. Syntactic Brittleness 😭 ⇒ 🤩

3. …

Keep simple + modular!

But make robust?

DB techniques will 
come to our rescue!



Decompile 3D CAD [ICFP 2018, PLDI 2020, POPL 2023] 



Decompile 3D CAD [ICFP 2018, PLDI 2020, POPL 2023] 



Compile      to IEEE 754 [PLDI 2015, ARITH 2021, ASPLOS 2025] 



Carpentry Compiler [SIGGRAPH ASIA 2019, TOG 2022] 



Targeting HW Accelerators [MAPS 2021, TODAES 2023] 



Many Other Applications!



…



Thank You!
egraphs-good.github.io  ·  egraphs.org

1. Rule-based transformations everywhere

2. E-graphs and Equality Saturation (EqSat)

3. Adapting DB results: more speed and flexibility

https://egraphs-good.github.io

